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1. Introduction 

In this note, we further develop the methods of Burq-Zworski jH] to study eigenfunctions for 
billiards which have rectangular components: these include the Bunimovich biUiard, the Sinai 
billiard, and the recently popular pseudointegrable biUiards |2l- The results are an appHcation 
of a "black box" point of view as presented in [Jj by the same authors. 




Figure 1. Experimental images of eigenfunctions in a Sinai billiard microwave 
cavity - see |http : //sagar . physics . neu . edu We see that there is always a non- 
vanishing presence near the boundary of the obstacle as predicted by Theorem 
El below. 

By a partially rectangular billiard, we mean a connected planar domain, fl, with a piecewise 
smooth boundary, which contains a rectangle, R (Z fl, such that if we decompose the boundary 
of R, into pairs of parallel segments, dR = Fi U then F^ C dfl, for at least one i. 
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We show that for such biUiards, the eigenfunctions of the Dirichlet, Neumann, or periodic 
Laplacian cannot concentrate in closed sets in the interior of the rectangular part. A combination 
of this elementary result with the now standard, but highly non-elementary, propagation results 
of Melrose-Sjostrand JHI and Bardos-Lebeau- Ranch can give further improvements - see 

mm 

Here, we prove further non-concentration results, away from the obstacle in the Sinai billiard 
(see Fig.l and Theorem|S|l, and along certain trajectories in pseudointegrable billiards, (see Fig. 5 
and Theorem ]^ . For recent motivation coming from the study of quantum chaos we suggest 
[2],jHl,CnijCZ|' and references given there. 

Acknowledgments. This paper is a development of an unpublished work by N. Burq and M. 
Zworski, who treated the case of a square billiard rather than a general rectangular billiard. The 
author is very grateful to Maciej Zworski and Nicolas Burq for allowing me to use results from 
their unpublished work, as well as many helpful conversations. I would also Hke to thank Srinivas 
Sridhar for allowing the use the experimental images shown in FigQ] 

2. Semiclassical Pseudodifferential Operators on a Torus 

In this section, we would Hke to discuss properties of Pseudodifferential Operators (PDO's) on 
a torus. To begin, we examine the nature of PDO's and their symbol classes. In R", we define a 
Weyl quantization of an operator a(a;, hD) where a € iS(M^"), a = a{x, £,) by: 

a{x,hD)u{x)^-\- [ [ ei<--y-^^a{x,0<y)dyd^, 

for u G 5 and a symbol class by: 

slim) = {a e C°°(R^")|||a"a| < Cc,/i"*l"l-'=^m for all multi-indices a}, 
where m : K^" — > (0, oo) is is an order function, i.e. there exist constants C, N such that 

m(z) < C{z — w)^ m{w). 

We also have 

oo 
k— — oo 

For fc,(5 = we write simply S{m). On a torus, however, a and all its derivatives are bounded 
in the x variable, thus for h small and k positive, we need not worry about the derivatives in x, 
only those in ^. Also, for k negative, provided that we have the proper local regularity for our 
symbol a, this definition still works perfectly on a torus. 

Note also that we need only work with symbols that are periodic in the x-variable with period 
determined by the dimensions of the torus. In other words, a(x, ^) = a(a;+7, ^) for 7 € (aZ)x(6Z), 
where a, 6 S M. Using this relation, we easily see the following propostion. 

Proposition 2.1. // a{x, ^) is a periodic symbol in x with period 7, then a{x, D)T-y = T^a{x, D) 
where T^u{x) = u{x — 7). 

Proof. We easily calculate: 

(2.1, .i..HD)Uu) ^ /^a(.,0e*<-«>4to 

(2.2) = ( a(x-7,C)e^<^-'^-*'«>M(y)dydC 

(2.3) = T^{a{x,D)u) 
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□ 

From the above proposition, it becomes clear that the properties of symbol classes in Euclidean 
space translate directly to properties of similarly defined symbol classes on a torus. For instance, 
we have the following result. 

Proposition 2.2. Given u{x) = u{x + 7) where 7 is as above, and u is on a torus, then 
a{x, hD)u{x) is on the torus, when a e ^^(l), <5 < ^. 

Proof. Note that the condition on a implies that it is bounded. Given a function u{x) which 
is periodic on a torus, we can write it as J2-y T^uq where uq = x{x)u{x) and x(a;) is equal to 
1 on a single copy of the torus in the plane and otherwise. Note that no assumptions about 
the smoothness of x(a;) are made. Hence, uq G and therefore, so is a{x,hD)uo. Then, 
a{x,hD)u{x) = '^^T-.fa{x,hD)uQ. The sum converges for each x since a{x,D)uo will have 
compact support and we have a{x, hD)u a periodic function that is on the torus. □ 

Using similar techniques, we would like to develop the concept of a microlocal defect measure 
in this setting. As shown in pi], we have the following theorem in Euclidean space: 

Theorem 1. There exists a Radon measure /i on W and a sequence hj such that 
(2.4) {a'"{x,hjD)u{hj),u{hj)) ^ a{x,^)dn 

for all symbols a G S{1). 

We call n a microlocal defect measure associated with the family {u{h)}o<ch<ho- Note that 
an 5(1) symbol on the torus corresponds to an S{1) symbol on the plane, therefore this result 
proves the existence of microlocal defect measures on a torus as well. 

Proof. 1. Let {ofe} G be dense in Co(K^"). Select a sequence ft] ^ such that 

{a';'{x,h]D)u{h]),u{h])) -> ai. 
Then, select a subsequence {ft|} C {ft]} such that 

{a^ix,h^jD)uihj),uih^j)) ^ a2. 

Continue such that at the kth step, you take a subsequence {hj} C {ftj~^} such that 

{a^{x,h'^D)u{h';),u{h';)) -.ak. 
Then by a diagonal argument, arrive at a sequence hj such that 

{a^{x,hjD)u{hj),u{hj)) — > 

for all k = 1,2,.... 

2. Define ^(uk) = ctk- By a standard theorem on operator norms, we have for each k that 
|«'(afc)| = \ak\ = lim I < a^"u(ftj), u(ftj) > | < limsupC||a^||i2_i2 < Csup|afc|. 

The mapping $ is bounded, linear and densely defined, therefore uniquely extends to a bounded 
linear functional on S'(l), with the estimate 

|$(a)| < Csup|a| 
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for all a G >S'(1). The Riesz Representation Theorem therefore implies the existence of a (possibly 
complex valued) Radon measure on R^" such that 

<i>(a) = / a{x,C)dlJL. 

□ 

We now quote a general theorem about microlocal defect measures on Euclidean space which 
we can then apply to a torus. To state the propagation theorem in the form sufficient for our 
applications, we follow j^]. 

Let us consider a Riemannian manifold without boundary, M. By partitions of unity we 
can define semi-classical pseudo-differential operators a{x,hDx) associated to symbols a{x,^) G 
C^{T*M). 

Now we consider a sequence (m„) bounded in L'^(M). satisfying 

(2.5) (-/i2A-i)u„ = o. 

Using (12.511 ■ as in ^2] (see also [S]) we can prove the following result. 

Proposition 2.3. There exist a subsequence (uk) and a positive Radon measure on T*M , (a 
semi-classical measure for the sequence {un)), such that for any a e C^{T*M) 

(2.6) ^Urn^ (a'"(a:,ft.„,i:»a;)M„,,u„J^2(M) = {^J■,a{x,i)) ■ 

Furthermore this measure satisfies 

(1) The support of fi is included in the characteristic manifold: 

(2.7) S {{x,0 G T*M;p{x,0 = 11^11. = 1} 

where \\ • \\x is the norm for the metric at the point x, 

(2) The measure /i is invariant by the bicharacteristic flow (the flow of the Hamilton vector 
field ofp): 

(2.8) Hp^l = 0, 

(3) For any ip E C^{T*M), 

(2.9) lim llv^^inJl' - (mJv'I')- 

k — ' + 00 

The first two properties above are weak forms of the elliptic regularity and propagation of 
singularities results, whereas the last one states that there is no loss of L^-mass at infinity in the 
^ variable. 

Proof. We will prove this proposition only for the case of a torus, but the methods are applicable 
to any manifold. 

(0) (Positivity) We need to show that a > implies 

a{x, £,)dij. > 0. 

Since a > 0, using the Garding inequality, we see that: 

a"'{x,hD) > -Ch. 



Let h = hj ^ 0, to see: 



/ adji = lim {a^ [x, hjD)u{hj),u{hj)) > 0. 
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(1) (Support of ^) Let a be a smooth function such that supp(a) Dp ^(1) = 0. We must show 

adfi = 0. 



Select X G C^{T^ x M^) ^^^^ ^hat 

supp(a) n supp(x) = 0. 

Then, 

a^-{x,hD) (((p- iy"' + zx"')"'(p- ir) {^,hD) = a'"{x,hD) + 0{h"-)L2^L2. 

Apply a"{x,hD) to u{h) to see that a"" {x , hD)u{h) = o(l) and thus {a^ [x,hD)u{h),u{h)) 0. 
But, 

{a^ {x, hD)u{hj),u{hj)) / adfj,. 

(2) (Flow Invariance) Select a as above, then 

(2.10) {[p'",a'"]uih),u{h)) = {{p'^a'" ~a'"p'^)u{h),u{h)) 

(2.11) = (a'"u(/i),p"'w(/i)) - (p"'u(/i),(a"')*u(/i)) 

(2.12) = o(/i) ash^O. 
However, [^^,0""] = 7{p'",a"'} + Oih^). Hence, 

([p'",a"']u(/i),u(/i)) = -{{p,aru{h),uih)) + {o{h)u{h) , u{h)) . 
i 

As we let hj -^0, we get: 



ZT^xR^ 

So, if $t is the flow generated by the Hamiltonian vector field Hp, then 

/ ($t*a)d/^= / {Hpa){'Pt)dfi ^ [ {p^ajd^^O. 

JT2xR2 JT2xR2 JT2xR2 

Now, (3) follows easily by looking at the operator \ip{x,^)\'^ and applying the result about exis- 
tence of a microlocal defect measure. □ 

3. Partially rectangular billiards 

In this section we will need to recall the basic control results (3,0 for rectagles, and the 
propagation results 521,0,0,0 fo'" billiards. Since in the specific application presented in 
Section 31 we only use propagation away from the boundary, that is the only case we will review. 

The following result from is related to some earlier control results of Haraux and 
Jaffard [T4|.^ 

Proposition 3.1. Let A be the Dirichlet, Neumann, or periodic Laplace operator on the rectangle 
R = [0, l]^; X [0, a]y. Let ujx be a non-empty open subset of [0, 1]. Then for any non-empty u C R 
of the form lo ^ uj^ x [0, a]y, there exists C such that for any solutions of 

(3.1) (A -z)u^ f on R, u\aB= 

we have 

(3-2) ll"lli2(_R) < C (^||/|lH-i([o,i]^;L2([o,a]y)) + ll^l^'^ \\'h{u)) 



^We remark that as noted in the result holds for any product manifold M = Mx x My, and the proof i 
essentially the same. 
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Proof. We will consider the Dirichlet case (the proof is the same in the other two cases) and 
decompose u, f in terms of the basis of i^([0, a]) formed by the Dirichlet eigenfunctions ek(jj) = 
•\/2/asin(2fc7r?//a), 

(3.3) u{x,y) = ^ek{y)uk{x), f{x,y)=^ek{y).fk{x). 

k k 

We get for , fk the equation 

(3.4) (a, -(z + (2fc^/a)'))Mfc = /fc, Ufc(O) = ufc(l) =0. 
We now claim that 

(3.5) h'olli^([o,i].) < C (||Mll^-i([o.i].) + WU^)) , 



from which, by summing the squares in fc, we get (I3.2|l . 

To see H;-i.R|l we can use the propagation result above in dimension one, but in this case an 
elementary calculation is easily available - see jH]. □ 

The following theorem is an easy consequence of Proposition Kill 

Theorem 2. Let be a partially rectangular billiard with the rectangular part R C fl, dR ~ 
Ti yjT2, a decomposition into parallel components satisfying T2 C 9f2. Let A be the Dirichlet or 
Neumann Laplacian on fl. Then for any neighbourhood o/Fi in fl, V, there exists C such that 

(3.6) -Au = Xu => [ \u{x)\'^dx > ^ [ \u{x)\'^dx, 



that is, no eigenfuction can concentrate in R and away from Ti . 

Proof. Let us take x, y as the coordinates on the stadium, so that x parametrizes r2 C dO. and 
y parametrizes Fi, then 

i?= [0,1], X [Q,a]y. 
Let X G Cc?°((0, 1)) be equal to 1 on [e, 1 — e\. Then x{x)u{x, y) is a solution of 

(3.7) (A - 2)xu = [A, x]w in i? 

with the boundary conditions satisfied on dR. Applying Proposition 13. 11 we get 

(3.8) WxAlhr) < C [A,x]it||^-i.^2 + \\lHu>,)) < C'\\u\^^ \\l^{u^^) , 

where is a neighbourhood of the support of Vx. Since a neighbourhood of Fi in fJ has to 
contain uje for some £, (j3.6|l follows. □ 

4. Applications 

In [2] and [H], Proposition l3.1l is used to prove that in the case of the Bunimovich billiard shown 
in FiglSl the states have nonvanishing density near the vertical boundaries of the rectangle. That 
follows from Theorem |2l which shows that we must have positive density in the wings of the 
billiard, and the propagation result (in the boundary case) based on the fact that any diagonal 
controls a disc geometrically (see [3 Section 6.1]; in fact we can use other control regions as 
shown in FiglSJ. Here we consider another case which accidentally generalizes a control theory 
result of Jaffard [T!] . 

The Sinai billiard (see FigOJ is defined by removing a strictly convex open set, O, with a C°° 
boundary, from a fiat torus, ^ (a§^) x (&§^): 

S = Tl,\0. 
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Figure 2. Control regions in which eigenfunctions have positive mass and the 
rectangular part for the Bunimovich stadium. 

The following theorem results by applying Theorem 1 to a torus with sides of arbitrary length. 

Theorem 3. Let V he any open neighbourhood of the convex boundary, dO, in a Sinai billiard, S . 
If A is the Dirichlet or Neumann Laplace operator on S then there exists a constant, C = C{V), 
such that 

(4.1) -h^Au^E{h)u =4> / \u{x)\'^dx> ^ I \u{x)\'^dx, 

Jv ^ Js 

for any h and \E{h) — 1| < i. 

Proof. First note that we can easily limit ourselves to the case where our flat torus has one side 
of length 1 and one side of length a. Suppose that the result is not true, in other words, there 
exists a sequence of eigenfunctions u„, ||m„|| = 1, with the corresponding eigenvalues A„ oo, 
such that Jy \un{x)\'^dx ^ 0. 

We flrst observe that the only directions in the support of the corresponding semi-classical 
defect measure, ^, have to be "rational", in other words, the trajectory must travel along a line 
of slope ^ where m, n e N. The projection of a trajectory with an irrational direction is dense 
on the torus and hence must encounter the obstacle dO (and consequently V) . The propagation 
result recalled in Pronosition l2.3l part (3) , gives a contradiction by choosing a proper test function 
(p which is nonzero on the support of the measure fj, resulting from our sequence of eigenfunctions 
(remark that we apply this result as long as the trajectory does not encounter the obstacle and 
consequently we need only the interior propagation) . 

Hence let us assume that there exists a rational direction in the support of the measure which 
then contains the periodic trajectory in that direction. As shown in Fig. Elwe can find a maximal 
rectangular neighbourhood of the projection of that trajectory which avoids the obstacle. 

The rectangle can be described as i? = [0, ai]xi x [0, bi]y-^ with the the yi coordinate parametriz- 
ing the trajectory. Let e, S > he. small. Let u be an eigenfunction in our sequence and define 

X = {xi^i) e Cr(T2) I xi^i) - 1 for all xi S (e,ai -e), xi^i) = outside (0,ai)}. 

Note that we can then write x ~ xi^i u) for i^i v) £ "^\.a xi is simply a rotation and translation 
of the standard coordinates. Then x(a;, y)u{x, y) is a function on all of i? satisfying the periodicity 
condition. Let $5(1^) = ^ where we define 

$ = {$(0 e Cr(K') I m = 1 for e e B{Q,5), $(0 = for ^ G \ 5(0, 25)}, 

where -8(0, 5) is a ball centered at of radius 5. Note, due to the compact support of this function 
in ^, ${(-D) is in the symbol class S{{£,)~^) for any A^. Let A/j is the (periodic) Laplacian on 
R. Using Fourier decomposition we can arrange that [A^;, (f>^(D)] — 0. Since our eigenfunction 
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Figure 3. A maximal rectangle in a rational direction, avoiding the obstacle. 
Because the parrallelogram is certainly periodic and our region has uniform 
width, it is clear that the resulting rectangle is periodic. 



is only defined on Tj^ \ O, let us introduce a smooth function xo which is on a neighborhood 
U of the obstacle and 1 on Tj^ \ V where U CV. Choose U and V such that xXo = X- Hence, 

{-h^AR^Eih))<^>^{D)xxou=[-h^AR,^^iD)x]u^<P^{D)[^h^AR,x]xou + 0{h°-), \\u\\ ^ I , 

by the properties of S{{£,)^'^) operators acting on functions on a torus. As in the proof of 
Proposition 13. II we now see that 

(4.2) W^axouh- <c I Ixo^iP + 0{h^) , 

J LJ 

where w is a neighbourhood of Vx (in the calculus of semi-classical pseudo-differential operators) . 
Since the semi-classical defect measure of ${XXou (which is |<&{XXoP x fJ-) was assumed to be 
non-zero, H4.2II shows that the measure of xouluj is non zero and consequently there is a point in 
the intersection of the supports of fi and xouU- But fi is invariant by the fiow (as long as it does 
not intersect the obstacle) and hence, once we choose e, S small enough such that all the cut-offs 
above are very close to the boundary of R, its support can be made intersect any neighbourhood 
of do. □ 



Now, from the above theorem, we see the following simple, but important consequences: 
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Remark 1. Let S" = \ O where O is sufficiently smooth in the case of Neumann boundary 
conditions, but otherwise lacking restrictions. Then, for V any open neighborhood of dO, and 
u a solution of —h'^Au = E{h)u as above, then (4.1) is satisfied. This follows from the above 
argument as the convexity of the obstacle was never used. Thus, the result holds for any obstacle 
(even connectedness is not assumed here) and is applicable to the special case of pseudointegrable 
billiards (see for instance [2] for motivation and description). In the next section, we use an 
argument similar to that above in order to say even more about concentration along trajectories 
in specific pseudointegrable billiards. By an elementary reflection principle, the result also holds 
for an obstacle inside a square with Dirichlet or Neumann conditions on the boundary of the 
square. 

Remark 2. The proof above gives in fact the following estimate for any open neighbourhood, 
say V , of the obstacle: 

3C; Vw, / e L^{S) solutions of (-A + X)u = f, u\as= 
^^'^^ \\uh.^s)<C{\\fh^s) + \\ulv\\mv)) 

and according to [3 Theorem 4], this implies that the Schrodinger equation in S is exactly 
controllable by V in finite time. In fact, by working on the time evolution equation, we could 
strengthen this result allowing an arbitrarily small time. 

This latter result was previously known pi] for the particular case 9 = (S* = T^) but the 
proof was based on subtle results about Fourier series • 

Remark 3. As shown in [3 Theorem 2'], the results of Ikawa and Gerard on scattering by two 
convex obstacles (see [Jj and references given there) give an estimate on the maximal concentra- 
tion of an eigenfunction (or a quasimode) on a closed orbit in a Sinai billiard. Let x £ ^^(5*; [0, 1]) 
be supported in a small neighbourhood of a closed transversally refiecting orbit. Then for any 
family (-A - X)ux = 0(A-°°), \\ux\\ = 1, 

C [ \u{x)\\l ~ xix))dx > ^ 



Js log^' 
that is a concentration on a closed trajectory, if at all possible, has to be very weak. 

5. Pseudointegrable Billiards 

We define a pseudointegrable billiard to be a plane polygonal billiard with corners whose 
angles are of the form ^, for any integer n (see 0). In particular, we will be working with the 
billiard P = T^^\S where S* is a slit that is parrallel to a side of the torus but not a closed loop. 
In Remark 1, we point out that Theorem allows us to make statements about the mass of 
eigenfunctions in a neighborhood of the slit for pseudointegrable biUiards. For this particular 
type of biUiard, it would be ideal to state that every eigenfunction must have non-zero mass in a 
small neighborhood of the edges of the slit (see Fig. In this section, we prove a weaker result 
about non-concentration along certain classical trajectories in P of semiclassical defect measures 
obtained from eigenfunctions u such that (—A — A)u = on P. 

As with the Sinai billiard, the classical behavior of trajectories must be taken into account 
in our treatment of this problem. There cannot be concentration along trajectories that do not 
hit the slit as shown by Theorem El If a trajectory has irrational slope, it is dense in P, and 
thus has mass near the edges of the slit as in Section |11 Therefore, for our purpose, we concern 
ourselves only with rational trajectories which intersect the slit at some point. As we are dealing 
with periodic boundary conditions, let us consider the plane tiled with copies of the billiard P. 
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Figure 4. A pseudointegrable billiard P consisting of a torus with a slit, S 
along which we have Dirichlet boundary conditions. We would like to show that 
eigenfunctions of the Laplacian on this torus must have concentration in the 
shaded regions Vi and V2. 

Assume that P is oriented such that S is parrallel to the y-axis. Let 7 G S*{P) be a trajectory. 
Given the natural projection 

TTi : S*{P)^P, 

we take 7' = 7ri(7), or the physical path along which the trajectory travels. Consider the 
projection 

We see that 

n:M.^\S^P, where S = n-^{S). 

Define 

TT2 : S*{M.'^\S) ^ S*{P) 
to be the obvious projection. Let 7 = 7r^^(7). We can write 

7 = U°li7., 

where each 7^ is a trajectory in 5'*(R^ \ S). We note that by construction, 7,; fl 7^ = for i ^ j. 
To see this, assume that 7,; fl = (a;,^). Then, 7^ = 7^ as they would represent trajectories 
which travel through the same point in the same direction. Now, let 

ttI : s*{«.^\s) ^m.^\s. 

Select one trajectory from the above union, say 71. Let 7^ — Trl{-fi). We see that either -f[ is 
bounded in the a;-direction or 7^ is unbounded in the x-direction. Note that this property then 
holds for all 7^, j € N. For a trajectory 7, if the resulting path -f[ is bounded in the a;-direction, 
we say 7 is x-bounded. We define 7 as a;-unbounded if 7^ is unbounded in the a;-direction. See 
Fig. 0for examples. Now, we are prepared to state our theorem concerning the billiard P. 

Theorem 4. Let 7 be an x-hounded trajectory on P = \ S . If A is the Dirichlet Laplace 
operator on P then there exists no microlocal defect measure obtained from the eigenfunctions on 
P such that supp (d/i) ~ 7. 
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c. d. 



Above, a. and b. represent typical a;-bounded trajectories, while 
c. and d. represent x-unbounded trajectories. 



Figure 5. Some examples of x-bounded and x-unbounded trajectories. 

Proof. Let 7' be as above. Let be an e neighborhood of 7'. If the theorem were false, we 
would have a sequence of eigenfunctions u„, ||u„||l2 = 1 with the property 

/ \un\^dx^Q, 
Jp\v, 

for any e. We show that this is impossible. 

For each w„, we have (—A — A„)u„ = 0, u„|s = 0, it„ G L^(P). Let tt be as above. We define 
the sequence m„ = 7r~^u„. We have (—A — A„)'u„ = 0, Un\s = 0) ^-^d G -^perl^^ \ '^)- 

If 772 : S'*(M^ \ 5) — *■ S*{P) is as above and 7 = 772^^(7), then m„ — *■ djl with 

supp (d/2)=7CS'*(M2\S'). 

Now, let ttI : 5*(R^ \ S*) ^ \ 5 be as above. Select one trajectory, say 71. As 71 is 
x-bounded, 7^ = tt 5^(71) is contained in a strip in the plane which is infinite in the y-direction 
and bounded in the x-direction. Thus, -f[ is contained in a strip, Co, with minimal width in the 
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a;-direction. Then, Un satisfies (— A — A„){t„ = on Co, is periodic in the y-direction, and satisfies 
the following boundary conditions in the x-direction: Dirichlet boundary conditions along the 
slits that intersect the boundary of Co and periodic boundary conditions otherwise. 

Without loss of generality, we can choose the ^-coordinates such that the boundaries of Co 
are x = —R and a; = 0. We can then refiect to a strip, say Ci, with boundaries x = —R and 
X = R,hj defining a new function on Ci by: 

Unix, y) X e [-R, 0], 
-Un{-x,y) X e (0, i?). 

Note that u„ is periodic with period 2R. As a result, we have 
on Ci, where 

f^^^ ^2u{Q,y)6'^{x) ~2u{R,y)5'j,{x). 

We note that fn^ is supported away from the slits, S. 
Define 

_ r {x,y) ^R<x<0, 



■^{{x,y) 
If ttJ : Ci Co, then 



i-x,y) 0<x<R. 



is again a union of paths resulting from disjoint trajectories. Now, we iterate this procedure a 
finite number of times, stopping the iteration when the disjoint trajectories in the lift intersect 
each slit only once. 

After each refiection, we restrict to a new minimal width strip, say C;. Let us call Ci the strip 
resulting from the ith refiection. We define 7r| : Ci ^ Ci-i for 1 < i < iV such that 

Wy)-]^ (2R,-x,y) [x,y)&CU. 

Here, C'i_i is defined as the refiected strip and x ~ i?,;-i is the line of refiection for Ci. We 
can subsequently define fn^ as a sum of delta functions resulting from jumps that occur after 
refiection, similar to fn^ above. We also have tt^ : Cn, the obvious projection that results 

after we tile the plane with copies of Cn- So, we have: 

M — > Ojv t^TV — ^ ^W — 1 L ^N—\ — ^ ■■■ — ^ '-^1 L ^1 — * ^■ 

Note that 

j 

where {7i.j} is the set of all paths in Cn generated by the trajectory 71 and the periodicity in y. 

After a finite number of refiections, we "unfolded" 7^ to be a periodic line on a large strip. 
Cat, which does not intersect a slit anywhere. Now, let us choose %, and xo as above in order 

to cut-off microlocally on this strip around 71. Again, recall that we can set xXo = X- As fn"^ is 
supported only in between the slits for each i G N, 1 < z < iV, by choosing $j to commute with 
the periodic Laplacian, we have 

{-h^An - E{h))^axoUn = <^afn + Aii, *fX]« = ["/^'A^, x]xou + 0{h°°) , \\u\\ = 1 . 
Thus, the result follows by contradiction from the proof of Theorem □ 



EIGENFUNCTIONS FOR PARTIALLY RECTANGULAR BILLIARDS 13 




by a microlocal cut-off function. 



Figure 6. This diagram describes how we "unfold" the eigenfunctions in order 
to derive a contradiction. 

Remark 4. Though this result only shows non-concentration, the proof of Theorem |2l can be 
used to show if 7 is an x-bounded trajectory and u is an eigenfunction supported on 7' = 711(7), 
then in fact there must be mass at the edges of the slits as desired. 

Remark 5. If instead of a torus, we had Dirichlet boundary conditions on the boundary of 
the rectangle as well as the slit, then this non-concentration result can also be applied by an 
elementary reflection principle argument. 
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